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Decoupling Algorithms from Schedules
for Easy Optimization of Image Processing Pipelines

Jonathan Ragan-Kelley⇤ Andrew Adams⇤ Sylvain Paris† Marc Levoy‡ Saman Amarasinghe⇤ Frédo Durand⇤
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Abstract
Using existing programming tools, writing high-performance im-
age processing code requires sacrificing readability, portability, and
modularity. We argue that this is a consequence of conflating what
computations define the algorithm, with decisions about storage
and the order of computation. We refer to these latter two concerns
as the schedule, including choices of tiling, fusion, recomputation
vs. storage, vectorization, and parallelism.

We propose a representation for feed-forward imaging pipelines
that separates the algorithm from its schedule, enabling high-
performance without sacrificing code clarity. This decoupling sim-
plifies the algorithm specification: images and intermediate buffers
become functions over an infinite integer domain, with no explicit
storage or boundary conditions. Imaging pipelines are compo-
sitions of functions. Programmers separately specify scheduling
strategies for the various functions composing the algorithm, which
allows them to efficiently explore different optimizations without
changing the algorithmic code.

We demonstrate the power of this representation by expressing
a range of recent image processing applications in an embedded
domain specific language called Halide, and compiling them for
ARM, x86, and GPUs. Our compiler targets SIMD units, multiple
cores, and complex memory hierarchies. We demonstrate that it
can handle algorithms such as a camera raw pipeline, the bilateral
grid, fast local Laplacian filtering, and image segmentation. The al-
gorithms expressed in our language are both shorter and faster than
state-of-the-art implementations.

CR Categories: I.3.6 [Computer Graphics]: Methodology and
Techniques—Languages

Keywords: Image Processing, Compilers, Performance

Links: DL PDF WEB CODE

1 Introduction

Computational photography algorithms require highly efficient
implementations to be used in practice, especially on power-
constrained mobile devices. This is not a simple matter of pro-
gramming in a low-level language like C. The performance differ-
ence between naive C and highly optimized C is often an order of
magnitude. Unfortunately, optimization usually comes at the cost
of programmer pain and code complexity, as computation must be
reorganized to achieve memory efficiency and parallelism.

(a) Clean C++ : 9.94 ms per megapixel

void blur(const Image &in, Image &blurred) {
Image tmp(in.width(), in.height());

for (int y = 0; y < in.height(); y++)

for (int x = 0; x < in.width(); x++)

tmp(x, y) = (in(x-1, y) + in(x, y) + in(x+1, y))/3;

for (int y = 0; y < in.height(); y++)

for (int x = 0; x < in.width(); x++)

blurred(x, y) = (tmp(x, y-1) + tmp(x, y) + tmp(x, y+1))/3;

}

(b) Fast C++ (for x86) : 0.90 ms per megapixel

void fast_blur(const Image &in, Image &blurred) {
m128i one_third = _mm_set1_epi16(21846);

#pragma omp parallel for

for (int yTile = 0; yTile < in.height(); yTile += 32) {
m128i a, b, c, sum, avg;

m128i tmp[(256/8)*(32+2)];

for (int xTile = 0; xTile < in.width(); xTile += 256) {
m128i *tmpPtr = tmp;

for (int y = -1; y < 32+1; y++) {
const uint16_t *inPtr = &(in(xTile, yTile+y));

for (int x = 0; x < 256; x += 8) {
a = _mm_loadu_si128(( m128i*)(inPtr-1));

b = _mm_loadu_si128(( m128i*)(inPtr+1));

c = _mm_load_si128(( m128i*)(inPtr));

sum = _mm_add_epi16(_mm_add_epi16(a, b), c);

avg = _mm_mulhi_epi16(sum, one_third);

_mm_store_si128(tmpPtr++, avg);

inPtr += 8;

}}
tmpPtr = tmp;

for (int y = 0; y < 32; y++) {
m128i *outPtr = ( m128i *)(&(blurred(xTile, yTile+y)));

for (int x = 0; x < 256; x += 8) {
a = _mm_load_si128(tmpPtr+(2*256)/8);

b = _mm_load_si128(tmpPtr+256/8);

c = _mm_load_si128(tmpPtr++);

sum = _mm_add_epi16(_mm_add_epi16(a, b), c);

avg = _mm_mulhi_epi16(sum, one_third);

_mm_store_si128(outPtr++, avg);

}}}}}

(c) Halide : 0.90 ms per megapixel

Func halide_blur(Func in) {
Func tmp, blurred;

Var x, y, xi, yi;

// The algorithm

tmp(x, y) = (in(x-1, y) + in(x, y) + in(x+1, y))/3;

blurred(x, y) = (tmp(x, y-1) + tmp(x, y) + tmp(x, y+1))/3;

// The schedule

blurred.tile(x, y, xi, yi, 256, 32)

.vectorize(xi, 8).parallel(y);

tmp.chunk(x).vectorize(x, 8);

return blurred;

}

Figure 1: The code at the top computes a 3⇥3 box filter using the
composition of a 1⇥3 and a 3⇥1 box filter (a). Using vectorization,
multithreading, tiling, and fusion, we can make this algorithm more
than 10⇥ faster on a quad-core x86 CPU (b). However, in doing so
we’ve lost readability and portability. Our compiler separates the
algorithm description from its schedule, achieving the same perfor-
mance without making the same sacrifices (c). For the full details
about how this test was carried out, see the supplemental material.

Taichi: A Language for High-Performance Computation on Spatially
Sparse Data Structures
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Fig. 1. (Top) We propose the Taichi programming language, which exposes a high-level interface for developing and processing spatially sparse multi-level
data structures, and an optimizing compiler that automatically reduces data structure overhead. Programmers write code as if they are accessing dense voxels,
while specifying the data arrangement independently. Our compiler automatically generates optimized, high-performance code tailored to the data structure.
This results in concise code and be�er performance than highly-optimized reference implementations for various tasks. (Bo�om) A fluid simulation using
the material point method, where two liquid jets collide with each other, forming a thin sheet structure. We used a three-level sparse voxel grid with sizes
13, 43, 163. Involved voxels are visualized in green. Both simulation and rendering are done using programs wri�en in Taichi.

3D visual computing data are often spatially sparse. To exploit such sparsity,
people have developed hierarchical sparse data structures, such as multi-
level sparse voxel grids, particles, and 3D hash tables. However, developing
and using these high-performance sparse data structures is challenging,
due to their intrinsic complexity and overhead. We propose Taichi, a new
data-oriented programming language for e�ciently authoring, accessing,
and maintaining such data structures. The language o�ers a high-level,
data structure-agnostic interface for writing computation code. The user
independently speci�es the data structure. We provide several elementary
components with di�erent sparsity properties that can be arbitrarily com-
posed to create a wide range of multi-level sparse data structures. This
decoupling of data structures from computation makes it easy to experiment
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with di�erent data structures without changing computation code, and al-
lows users to write computation as if they are working with a dense array.
Our compiler then uses the semantics of the data structure and index analy-
sis to automatically optimize for locality, remove redundant operations for
coherent accesses, maintain sparsity and memory allocations, and generate
e�cient parallel and vectorized instructions for CPUs and GPUs.

Our approach yields competitive performance on common computational
kernels such as stencil applications, neighbor lookups, and particle scatter-
ing. We demonstrate our language by implementing simulation, rendering,
and vision tasks including a material point method simulation, �nite ele-
ment analysis, a multigrid Poisson solver for pressure projection, volumetric
path tracing, and 3D convolution on sparse grids. Our computation-data
structure decoupling allows us to quickly experiment with di�erent data
arrangements, and to develop high-performance data structures tailored for
speci�c computational tasks. With 1

10 th as many lines of code, we achieve
4.55⇥ higher performance on average, compared to hand-optimized refer-
ence implementations.

CCS Concepts: • Software and its engineering→ Domain speci�c lan-
guages; • Computing methodologies → Parallel programming lan-
guages; Physical simulation.

Additional Key Words and Phrases: Sparse Data Structures, GPU Computing.
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The Tensor Algebra Compiler 77:13

code-gen(index-expr, iv)  # iv is the index variable
  let L = merge-lattice(index-expr, iv)

  # initialize sparse pos variables
  for Dj in sparse-dimensions(L)
    emit “int pDj = Dj_pos[pDj-1];”

  for Lp in L
    # while all merged dimensions have more values
    emit “while(until-any-exhausted(merged-dimensions(Lp))) {”
    
    # initialize sparse idx variables
    for Dj in sparse-dimensions(Lp)
      emit “int ivDj = Dj_idx[pDj];”

    # merge sparse idx variables
    emit   “int iv = min([“ivDj,” Dj in sparse-dimensions(Lp)]);”

    # compute dense pos variables
    for Dj in dense-dimensions(Lp)
      emit “int pDj = (pDj-1 * Dj_size) + iv;”

    # compute expressions available at this loop level
    emit-available-expressions(index-expr, iv)    # Section 6.2

    # one case per lattice point below Lp
    for Lq in sub-lattice(Lp)
      emit “if (equals-iv([“ivDj” Dj in sparse-dimensions(Lq)])) {”
        for child-iv in children-in-iteraton-graph(iv)
          code-gen(expression(Lq), child-iv)
        emit-reduction-compute()  # Section 6.2
        emit-index-assembly()     # Section 6.3
        emit-compute()            # Section 6.2
        if result dimension Dj is accessed with iv 
          emit “pDj++;”
      emit “}” 

    # conditionally increment the sparse pos variables
    for Dj in sparse-dimensions(Lp)
      emit “if (ivDj == iv) pDj++;”
    emit “}”
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(a) Recursive algorithm to generate code for tensor expressions

for (int i = 0; i < B1_size, i++) {
  int pB1 = (0 * B1_size) + i;
  int pC1 = (0 * C1_size) + i;
  int pA1 = (0 * A1_size) + i;

  int pB2 = B2_pos[pB1];
  int pC2 = C2_pos[pC1];
  while (pB2 < B2_pos[pB1+1] &&
         pC2 < C2_pos[pC1+1]) {
    int jB = B2_idx[pB2];
    int jC = C2_idx[pC2];
    int j = min(jB, jC);
    int pA2 = (pA1 * A2_size) + j;

    if (jB == j && jC == j)
      A[pA2] = B[pB2] + C[pC2];
    else if (jB == j)
      A[pA2] = B[pB2];
    else if (jC == j)
      A[pA2] = C[pC2];

    if (jB == j) pB2++;
    if (jC == j) pC2++;
  }

  while (pB2 < B2_pos[pB1+1]) {
    int j = B2_idx[pB2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = B[pB2];
    pB2++;
  }

  while (pC2 < C2_pos[pC1+1]) {
    int j = C2_idx[pC2];
    int pA2 = (pA1 * A2_size) + j;
    A[pA2] = C[pC2];
    pC2++;
  }
}
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(b) Generated sparse matrix addition code
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(c) Iteration graph for matrix addition
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Fig. 11. (a) Recursive code generation algorithm for tensor index notation. (b) Generated code for a 256 × 256
sparse matrix addition, Ai j = Bi j +Ci j , where B and C’s formats are (densed1, sparsed2) and A’s format is
(densed1, densed2). (c–e) Internal representations used to generate the code. The algorithm and generated
code have matching labels. The generated code is simplified in four ways: the outer loop is a for loop, if
statements are nested in else branches, and if and min statements are removed from the last two while loops.

The last free variable is special because its loop nest is where the code writes to the output tensor.
Loops nested above it compute available expressions (emit-available-expressions), which help
avoid redundant computations. Loops nested below it are reduction loops that add sub-computations
to reduction variables (emit-reduction-compute). Finally, the last free variable’s loop combines
the temporaries prepared by other loops to compute the !nal expression (emit-compute).

Proc. ACM Program. Lang., Vol. 1, No. OOPSLA, Article 77. Publication date: October 2017.
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Analysis of all 1987 Equations at SIGGRAPH 2019

Single-letter variables

Externally defined functions

Summations

Various norms

Minimization

Trigonometric functions

Integrals
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Variables in I❤LA

• Single-letter identifiers are encouraged

• Juxtaposition is multiplication

• Unicode

• Variables cannot be re-defined

• Compatible matrix and vector dimensions are 
statically checked (compile-time, not run-time).
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L_i,j = { w_i,j if (i,j)  E
          0 otherwise
L_i,i = - _(  for   i) L_i,

where
L  ^(n n)
w  ^(n n): edge weight matrix
E  { } index: edges

	B
 (FPNFUSZ 1SPDFTTJOH $PVSTF� 1BSBNFUFSJ[BUJPO
<+BDPCTPO ����>

from trigonometry: sin, cos
`x(θ, ϕ)` = [Rcos(θ)cos(ϕ)

Rsin(θ)cos(ϕ)
Rsin(ϕ)]

where

ϕ ∈ ℝ : angle between 0 and 2π
θ ∈ ℝ : angle between -π/2 and π/2
R ∈ ℝ : the radius of the sphere

	C
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

given
f ∈ ℝ^(n)
p ∈ ℝ^(n)

∑_i f_i²p_i - (∑_i f_i p_i)²

	D
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

given
a_i  ^n : the measurement vectors  
x  ^n   : original vector 
w_i     : measurement noise 

y_i = a_i  x + w_i
x = ( _i a_i a_i )  _i y_i a_i

	E
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

given
A ∈ ℝ^(k×k)
B ∈ ℝ^(k×m)
C ∈ ℝ^(m×m)

S = C - BᵀA⁻¹B
[A⁻¹+A⁻¹BS⁻¹BᵀA⁻¹ -A⁻¹BS⁻¹

-S⁻¹BᵀA⁻¹ S⁻¹]

	F
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

E = 1/` _N` `E_I` + _j _j /` _S`_j  + _j _j /` _T`_j   + _j ( _j- _j) /` _ `_j

where

` _N`   
`E_I`  
_i  
_i  

` _S`_i   
` _T`_i   
_j   
_j   

` _ `_j   

	
 " .PSQIBCMF .PEFM GPS UIF 4ZOUIFTJT PG �% 'BDFT <#MBO[ BOE 7F॒FS ����> &R� �

`∂²I₅/∂f²` = 2[A₁,₁I₃ A₁,₂I₃ A₁,₃I₃
A₂,₁I₃ A₂,₂I₃ A₂,₃I₃
A₃,₁I₃ A₃,₂I₃ A₃,₃I₃]

where

A ∈ ℝ^(3×3)

	H
 "OJTPUSPQJD &MBTUJDJUZ GPS
*OWFSTJPO�4BGFUZ BOE &MFNFOU

3FIBCJMJUBUJPO <,JN FU BM� ����> &R� �

`T₁` = 1/√2 U[0 0 0
0 0 -1
0 1 0]Vᵀ

where

U ∈ ℝ^(3×3)
V ∈ ℝ^(3×3)

	I
 "OBMZUJD &JHFOTZTUFNT GPS
*TPUSPQJD %JTUPSUJPO &OFSHJFT
<4NJUI FU BM� ����> &R� ��

v_i = ∑_j w_i,j M_j u_i

where

w ∈ ℝ^(n×m)
M_j ∈ ℝ^(4×4)
u_i ∈ ℝ^4

	J
 %JSFDU %FMUB .VTI
4LJOOJOH BOE 7BSJBOUT

<-F BOE -FXJT ����> &R� �

min_(C ∈ ℝ^3) ∑_i ‖x_i + (R_i - I₃)C‖²

where

x_i ∈ ℝ^3
R_i ∈ ℝ^(3×3)

	K
 )BOE .PEFMJOH BOE 4JNVMBUJPO 6TJOH
4UBCJMJ[FE .BHOFUJD 3FTPOBODF *NBHJOH

<8BOH FU BM� ����> &R� �

given
α_T : ℝ
n_T : ℝ³

`n(v)` = ( ∑_(T for T ∈ `N₁`_v) α_T n_T )/‖ ∑_(T for T ∈ `N₁`_v) α_T n_T ‖

where
v ∈ ℤ
`N₁`_i ∈ {ℤ}

	L
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

`H(p)` = 1/(2π)∫_[0, 2π] `kₙ`(φ, p) ∂φ

where

p ∈ ℝ^3 : point on the surface
`kₙ`: ℝ,ℝ^3 → ℝ : normal curvature

	M
 (FPNFUSZ 1SPDFTTJOH $PVSTF� $VSWBUVSF
<+BDPCTPO ����>

Ω = [`e₁` `e₂`][`k₁` 0
0 `k₂`] [`e₁`ᵀ

`e₂`ᵀ]

where
`k₁` ∈ ℝ
`k₂` ∈ ℝ
`e₁` ∈ ℝ²
`e₂` ∈ ℝ²

	N
 )BOEIFME .VMUJ�'SBNF 4VQFS�3FTPMVUJPO
<8SPOTLJ FU BM� ����> &R� �

`L(x,ν)` = xᵀWx + ∑_i ν_i(x_i²-1)

where

x ∈ ℝ^n
W ∈ ℝ^(n×n)
ν ∈ ℝ^n

	O
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

[`P `  0
  0   `P `][      L          0
            `P ` C`P ` U   -L][U   L `P ` B
                                0           ][`P `  0
                                                0   I_n]

where

`P `  ^(m m) 
`P `  ^(m m) 
`P `  ^(n n) 
  B  ^(m n) 
  C  ^(n m) 
  L  ^(m m) 
  L  ^(n n) 
  U  ^(m m) 
    ^(n n)

	P
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

from trigonometry: tan, cos

t = t/cos( )
ã = a tan( )
_i cos ( )((p_i - q_i) n_i +((p_i+q_i) n_i) ã+n_i t)  

where
a   : axis of rotation
    : angle of rotation

p_i  
q_i  
n_i  
t  

	Q
 " 4ZNNFUSJD 0CKFDUJWF 'VODUJPO GPS *$1
<3VTJOLJFXJD[ ����> &R� �

`G_σ(s^k_i)` = ∑_j l_j exp(-dist(`bᵢ`, b_j)²/(2σ²)) `s^k`_j

where
l_j ∈ ℝ : the length of bj
dist: ℝ², ℝ² → ℝ : measures the geodesic distance
`bᵢ` ∈ ℝ²
b_j ∈ ℝ²
σ ∈ ℝ
`s^k`_j ∈ ℝ² : direction vector

	R
 "UMBT 3FOFNFOU XJUI #PVOEFE 1BDLJOH &ਖ਼DJFODZ
<-JV FU BM� ����B> &R� �

∑_i α_i + 1/M ∑_i ∑_j (f(X_i,j)/`p_c`(X_i,j) - (∑_k α_k p_k(X_i,j))/`p_c`(X_i,j))

where

α ∈ ℝ^N
p_j ∈ ℝ → ℝ
X_i ∈ ℝ^(n_i)
M ∈ ℝ
f: ℝ → ℝ
`p_c`: ℝ → ℝ

	S
 0QUJNBM .VMUJQMF *NQPSUBODF 4BNQMJOH
<,POEBQBOFOJ FU BM� ����> &R� ��

`xᵢ` = T_*,1
`xⱼ` = T_*,2
`xₖ` = T_*,3
`n(T)` = (`xⱼ`-`xᵢ`)×(`xₖ`-`xᵢ`)/‖(`xⱼ`-`xᵢ`)×(`xₖ`-`xᵢ`)‖

where

T ∈ ℝ^(3×3)

	T
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

`C(x,y)` = ( _n _i c_n,i  w_n,i  R_n) / ( _n _i w_n,i  R_n)

where

c  ^(f s) : the value of the Bayer pixel
w  ^(f s) : the local sample weight
R  ^f     : the local robustness

	U
 )BOEIFME .VMUJ�'SBNF 4VQFS�3FTPMVUJPO
<8SPOTLJ FU BM� ����> &R� �

from linearalgebra: tr

`J₃` = 1₃,₃
`κ_angle(Dₘ)` = 3(√2 v)^(2/3)(7/4‖`Dₘ`‖_F^2-1/4tr(`J₃``Dₘ`ᵀ`Dₘ`))⁻¹

where

`Dₘ` ∈ ℝ^(3×3)
v ∈ ℝ

	V
 "OJTPUSPQJD &MBTUJDJUZ GPS *OWFSTJPO�4BGFUZ BOE &MFNFOU
3FIBCJMJUBUJPO <,JN FU BM� ����> &R� ��

`E_LSCM` = ∑_T A_T‖M_T v_T - [0 -1
1 0] M_T u_T‖²

where

v_T ∈ ℝ^3
u_T ∈ ℝ^3
M_T ∈ ℝ^(2×3)
A_T ∈ ℝ

	W
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

r = v
s = 
n = v

`k ` = r (`C `-V)
`k ` = s (`C `-V)
`k ` = n (`C `-V)

`x( ,v)` =  (r `D_A`( , v)+`k ` ( , v))/(n `D_A`( , v)+`k ` ( , v))
`y( ,v)` =  (s `D_A`( , v)+`k ` ( , v))/(n `D_A`( , v)+`k ` ( , v))

where

v  ^3
  ^3
  ^3
V  ^3
`C `  ^3
   

v   
`D_A`: ,   ^3
: ,    

	X
 1MFOPQUJD .PEFMJOH� "O *NBHF�#BTFE 3FOEFSJOH 4ZTUFN <.D.JMMBO BOE #JTIPQ ����> &R� ��

given
A_i ∈ ℝ^(m_i × n)
b_i ∈ ℝ^m_i
`x₀` ∈ ℝ^n

min_(x ∈ ℝ^n) ∑_i ‖A_i x + b_i‖ + (1/2)‖x-`x₀`‖²

	Y
 $POWFY 0QUJNJ[BUJPO <#PZE FU BM� ����> QBHF ���

`I(X;Y)` = ∑_i ∑_j x_j p_i,j log₂(p_i,j/∑_k x_k p_i,k)

where

x ∈ ℝ^n
p ∈ ℝ^(m×n)

	Z
 $POWFY 0QUJNJ[BUJPO <#PZE FU BM� ����> QBHF ���

min_(u  ) u ( _i [x_i n_i
                       n_i  ][(x_i n_i)  n_i ])u - 2u ( _i [x_i n_i
                                                               n_i  ]n_i (p_i-x_i)) + _i(p_i-x_i) n_i n_i (p_i-x_i)

where

x_i  
n_i   
p_i  

	[
 (FPNFUSZ 1SPDFTTJOH $PVSTF� 3FHJTUSBUJPO <+BDPCTPO ����>

'JH� �� 'PSNVMBT GSPN WBSJPVT QBQFST CPPLT BOE DPVSTFT JO DPNQVUFS HSBQIJDT BOE UIFJS USBOTMBUJPO JOUP * -"�

	F�H� TIPVME UIF SFTU PG UIF GPSNVMB DPOUJOVF UP UIF SJHIU PG UIF UPQ
PS CP॒PN SPX PG B 2×2NBUSJY 
 BOE JU JNQPTFT B CVSEFO PO UIF BV�
UIPS UP NBJOUBJO B TFOTJCMF �% MBZPVU TJODF UFYU NVTU CF FEJUFE PO
NVMUJQMF SPXT DPOTJTUFOUMZ� 'PS B TJNJMBS SFBTPO XF EJE OPU FYQMPSF
�% BSSBOHFNFOUT PG GSBDUJPOT FJUIFS�

य़FTF FYBNQMFT EFNPOTUSBUF DFSUBJO MJNJUBUJPOT PG * -" BT B SF�
QMBDFNFOU GPS UIFTF FRVBUJPOT JO UIFJS PSJHJOBM DPOUFYU� 'JSTU TPNF
FRVBUJPOT EFOF GVODUJPOT UIFNTFMWFT BT JO ! (") = ""#" + $"" �
* -" DPEF JUTFMG EFOFT B GVODUJPO TP UIF ۠! (") =ۡ JT SFEVOEBOU� 5P
QSFTFSWF UIF FRVBUJPO BT XSJ॒FO XF EFOF B WBSJBCMF OBNFE ۠! (")ۡ

"$. 5SBOT� (SBQI� 7PM� �� /P� � "SUJDMF ���� 1VCMJDBUJPO EBUF� %FDFNCFS �����

Examples from the Wild



* -"� $PNQJMBCMF .BSLEPXO GPS -JOFBS "MHFCSB ٔ �����

L_i,j = { w_i,j if (i,j)  E
          0 otherwise
L_i,i = - _(  for   i) L_i,

where
L  ^(n n)
w  ^(n n): edge weight matrix
E  { } index: edges

	B
 (FPNFUSZ 1SPDFTTJOH $PVSTF� 1BSBNFUFSJ[BUJPO
<+BDPCTPO ����>

from trigonometry: sin, cos
`x(θ, ϕ)` = [Rcos(θ)cos(ϕ)

Rsin(θ)cos(ϕ)
Rsin(ϕ)]

where

ϕ ∈ ℝ : angle between 0 and 2π
θ ∈ ℝ : angle between -π/2 and π/2
R ∈ ℝ : the radius of the sphere

	C
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

given
f ∈ ℝ^(n)
p ∈ ℝ^(n)

∑_i f_i²p_i - (∑_i f_i p_i)²

	D
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

given
a_i  ^n : the measurement vectors  
x  ^n   : original vector 
w_i     : measurement noise 

y_i = a_i  x + w_i
x = ( _i a_i a_i )  _i y_i a_i

	E
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

given
A ∈ ℝ^(k×k)
B ∈ ℝ^(k×m)
C ∈ ℝ^(m×m)

S = C - BᵀA⁻¹B
[A⁻¹+A⁻¹BS⁻¹BᵀA⁻¹ -A⁻¹BS⁻¹

-S⁻¹BᵀA⁻¹ S⁻¹]

	F
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

E = 1/` _N` `E_I` + _j _j /` _S`_j  + _j _j /` _T`_j   + _j ( _j- _j) /` _ `_j

where

` _N`   
`E_I`  
_i  
_i  

` _S`_i   
` _T`_i   
_j   
_j   

` _ `_j   

	
 " .PSQIBCMF .PEFM GPS UIF 4ZOUIFTJT PG �% 'BDFT <#MBO[ BOE 7F॒FS ����> &R� �

`∂²I₅/∂f²` = 2[A₁,₁I₃ A₁,₂I₃ A₁,₃I₃
A₂,₁I₃ A₂,₂I₃ A₂,₃I₃
A₃,₁I₃ A₃,₂I₃ A₃,₃I₃]

where

A ∈ ℝ^(3×3)

	H
 "OJTPUSPQJD &MBTUJDJUZ GPS
*OWFSTJPO�4BGFUZ BOE &MFNFOU

3FIBCJMJUBUJPO <,JN FU BM� ����> &R� �

`T₁` = 1/√2 U[0 0 0
0 0 -1
0 1 0]Vᵀ

where

U ∈ ℝ^(3×3)
V ∈ ℝ^(3×3)

	I
 "OBMZUJD &JHFOTZTUFNT GPS
*TPUSPQJD %JTUPSUJPO &OFSHJFT
<4NJUI FU BM� ����> &R� ��

v_i = ∑_j w_i,j M_j u_i

where

w ∈ ℝ^(n×m)
M_j ∈ ℝ^(4×4)
u_i ∈ ℝ^4

	J
 %JSFDU %FMUB .VTI
4LJOOJOH BOE 7BSJBOUT

<-F BOE -FXJT ����> &R� �

min_(C ∈ ℝ^3) ∑_i ‖x_i + (R_i - I₃)C‖²

where

x_i ∈ ℝ^3
R_i ∈ ℝ^(3×3)

	K
 )BOE .PEFMJOH BOE 4JNVMBUJPO 6TJOH
4UBCJMJ[FE .BHOFUJD 3FTPOBODF *NBHJOH

<8BOH FU BM� ����> &R� �

given
α_T : ℝ
n_T : ℝ³

`n(v)` = ( ∑_(T for T ∈ `N₁`_v) α_T n_T )/‖ ∑_(T for T ∈ `N₁`_v) α_T n_T ‖

where
v ∈ ℤ
`N₁`_i ∈ {ℤ}

	L
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

`H(p)` = 1/(2π)∫_[0, 2π] `kₙ`(φ, p) ∂φ

where

p ∈ ℝ^3 : point on the surface
`kₙ`: ℝ,ℝ^3 → ℝ : normal curvature

	M
 (FPNFUSZ 1SPDFTTJOH $PVSTF� $VSWBUVSF
<+BDPCTPO ����>

Ω = [`e₁` `e₂`][`k₁` 0
0 `k₂`] [`e₁`ᵀ

`e₂`ᵀ]

where
`k₁` ∈ ℝ
`k₂` ∈ ℝ
`e₁` ∈ ℝ²
`e₂` ∈ ℝ²

	N
 )BOEIFME .VMUJ�'SBNF 4VQFS�3FTPMVUJPO
<8SPOTLJ FU BM� ����> &R� �

`L(x,ν)` = xᵀWx + ∑_i ν_i(x_i²-1)

where

x ∈ ℝ^n
W ∈ ℝ^(n×n)
ν ∈ ℝ^n

	O
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

[`P `  0
  0   `P `][      L          0
            `P ` C`P ` U   -L][U   L `P ` B
                                0           ][`P `  0
                                                0   I_n]

where

`P `  ^(m m) 
`P `  ^(m m) 
`P `  ^(n n) 
  B  ^(m n) 
  C  ^(n m) 
  L  ^(m m) 
  L  ^(n n) 
  U  ^(m m) 
    ^(n n)

	P
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

from trigonometry: tan, cos

t = t/cos( )
ã = a tan( )
_i cos ( )((p_i - q_i) n_i +((p_i+q_i) n_i) ã+n_i t)  

where
a   : axis of rotation
    : angle of rotation

p_i  
q_i  
n_i  
t  

	Q
 " 4ZNNFUSJD 0CKFDUJWF 'VODUJPO GPS *$1
<3VTJOLJFXJD[ ����> &R� �

`G_σ(s^k_i)` = ∑_j l_j exp(-dist(`bᵢ`, b_j)²/(2σ²)) `s^k`_j

where
l_j ∈ ℝ : the length of bj
dist: ℝ², ℝ² → ℝ : measures the geodesic distance
`bᵢ` ∈ ℝ²
b_j ∈ ℝ²
σ ∈ ℝ
`s^k`_j ∈ ℝ² : direction vector

	R
 "UMBT 3FOFNFOU XJUI #PVOEFE 1BDLJOH &ਖ਼DJFODZ
<-JV FU BM� ����B> &R� �

∑_i α_i + 1/M ∑_i ∑_j (f(X_i,j)/`p_c`(X_i,j) - (∑_k α_k p_k(X_i,j))/`p_c`(X_i,j))

where

α ∈ ℝ^N
p_j ∈ ℝ → ℝ
X_i ∈ ℝ^(n_i)
M ∈ ℝ
f: ℝ → ℝ
`p_c`: ℝ → ℝ

	S
 0QUJNBM .VMUJQMF *NQPSUBODF 4BNQMJOH
<,POEBQBOFOJ FU BM� ����> &R� ��

`xᵢ` = T_*,1
`xⱼ` = T_*,2
`xₖ` = T_*,3
`n(T)` = (`xⱼ`-`xᵢ`)×(`xₖ`-`xᵢ`)/‖(`xⱼ`-`xᵢ`)×(`xₖ`-`xᵢ`)‖

where

T ∈ ℝ^(3×3)

	T
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

`C(x,y)` = ( _n _i c_n,i  w_n,i  R_n) / ( _n _i w_n,i  R_n)

where

c  ^(f s) : the value of the Bayer pixel
w  ^(f s) : the local sample weight
R  ^f     : the local robustness

	U
 )BOEIFME .VMUJ�'SBNF 4VQFS�3FTPMVUJPO
<8SPOTLJ FU BM� ����> &R� �

from linearalgebra: tr

`J₃` = 1₃,₃
`κ_angle(Dₘ)` = 3(√2 v)^(2/3)(7/4‖`Dₘ`‖_F^2-1/4tr(`J₃``Dₘ`ᵀ`Dₘ`))⁻¹

where

`Dₘ` ∈ ℝ^(3×3)
v ∈ ℝ

	V
 "OJTPUSPQJD &MBTUJDJUZ GPS *OWFSTJPO�4BGFUZ BOE &MFNFOU
3FIBCJMJUBUJPO <,JN FU BM� ����> &R� ��

`E_LSCM` = ∑_T A_T‖M_T v_T - [0 -1
1 0] M_T u_T‖²

where

v_T ∈ ℝ^3
u_T ∈ ℝ^3
M_T ∈ ℝ^(2×3)
A_T ∈ ℝ

	W
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

r = v
s = 
n = v

`k ` = r (`C `-V)
`k ` = s (`C `-V)
`k ` = n (`C `-V)

`x( ,v)` =  (r `D_A`( , v)+`k ` ( , v))/(n `D_A`( , v)+`k ` ( , v))
`y( ,v)` =  (s `D_A`( , v)+`k ` ( , v))/(n `D_A`( , v)+`k ` ( , v))

where

v  ^3
  ^3
  ^3
V  ^3
`C `  ^3
   

v   
`D_A`: ,   ^3
: ,    

	X
 1MFOPQUJD .PEFMJOH� "O *NBHF�#BTFE 3FOEFSJOH 4ZTUFN <.D.JMMBO BOE #JTIPQ ����> &R� ��

given
A_i ∈ ℝ^(m_i × n)
b_i ∈ ℝ^m_i
`x₀` ∈ ℝ^n

min_(x ∈ ℝ^n) ∑_i ‖A_i x + b_i‖ + (1/2)‖x-`x₀`‖²

	Y
 $POWFY 0QUJNJ[BUJPO <#PZE FU BM� ����> QBHF ���

`I(X;Y)` = ∑_i ∑_j x_j p_i,j log₂(p_i,j/∑_k x_k p_i,k)

where

x ∈ ℝ^n
p ∈ ℝ^(m×n)

	Z
 $POWFY 0QUJNJ[BUJPO <#PZE FU BM� ����> QBHF ���

min_(u  ) u ( _i [x_i n_i
                       n_i  ][(x_i n_i)  n_i ])u - 2u ( _i [x_i n_i
                                                               n_i  ]n_i (p_i-x_i)) + _i(p_i-x_i) n_i n_i (p_i-x_i)

where

x_i  
n_i   
p_i  

	[
 (FPNFUSZ 1SPDFTTJOH $PVSTF� 3FHJTUSBUJPO <+BDPCTPO ����>

'JH� �� 'PSNVMBT GSPN WBSJPVT QBQFST CPPLT BOE DPVSTFT JO DPNQVUFS HSBQIJDT BOE UIFJS USBOTMBUJPO JOUP * -"�

	F�H� TIPVME UIF SFTU PG UIF GPSNVMB DPOUJOVF UP UIF SJHIU PG UIF UPQ
PS CP॒PN SPX PG B 2×2NBUSJY 
 BOE JU JNQPTFT B CVSEFO PO UIF BV�
UIPS UP NBJOUBJO B TFOTJCMF �% MBZPVU TJODF UFYU NVTU CF FEJUFE PO
NVMUJQMF SPXT DPOTJTUFOUMZ� 'PS B TJNJMBS SFBTPO XF EJE OPU FYQMPSF
�% BSSBOHFNFOUT PG GSBDUJPOT FJUIFS�

य़FTF FYBNQMFT EFNPOTUSBUF DFSUBJO MJNJUBUJPOT PG * -" BT B SF�
QMBDFNFOU GPS UIFTF FRVBUJPOT JO UIFJS PSJHJOBM DPOUFYU� 'JSTU TPNF
FRVBUJPOT EFOF GVODUJPOT UIFNTFMWFT BT JO ! (") = ""#" + $"" �
* -" DPEF JUTFMG EFOFT B GVODUJPO TP UIF ۠! (") =ۡ JT SFEVOEBOU� 5P
QSFTFSWF UIF FRVBUJPO BT XSJ॒FO XF EFOF B WBSJBCMF OBNFE ۠! (")ۡ

"$. 5SBOT� (SBQI� 7PM� �� /P� � "SUJDMF ���� 1VCMJDBUJPO EBUF� %FDFNCFS �����

Examples from the Wild
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* -"� $PNQJMBCMF .BSLEPXO GPS -JOFBS "MHFCSB ٔ �����

L_i,j = { w_i,j if (i,j)  E
          0 otherwise
L_i,i = - _(  for   i) L_i,

where
L  ^(n n)
w  ^(n n): edge weight matrix
E  { } index: edges

	B
 (FPNFUSZ 1SPDFTTJOH $PVSTF� 1BSBNFUFSJ[BUJPO
<+BDPCTPO ����>

from trigonometry: sin, cos
`x(θ, ϕ)` = [Rcos(θ)cos(ϕ)

Rsin(θ)cos(ϕ)
Rsin(ϕ)]

where

ϕ ∈ ℝ : angle between 0 and 2π
θ ∈ ℝ : angle between -π/2 and π/2
R ∈ ℝ : the radius of the sphere

	C
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

given
f ∈ ℝ^(n)
p ∈ ℝ^(n)

∑_i f_i²p_i - (∑_i f_i p_i)²

	D
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

given
a_i  ^n : the measurement vectors  
x  ^n   : original vector 
w_i     : measurement noise 

y_i = a_i  x + w_i
x = ( _i a_i a_i )  _i y_i a_i

	E
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

given
A ∈ ℝ^(k×k)
B ∈ ℝ^(k×m)
C ∈ ℝ^(m×m)

S = C - BᵀA⁻¹B
[A⁻¹+A⁻¹BS⁻¹BᵀA⁻¹ -A⁻¹BS⁻¹

-S⁻¹BᵀA⁻¹ S⁻¹]

	F
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

E = 1/` _N` `E_I` + _j _j /` _S`_j  + _j _j /` _T`_j   + _j ( _j- _j) /` _ `_j

where

` _N`   
`E_I`  
_i  
_i  

` _S`_i   
` _T`_i   
_j   
_j   

` _ `_j   

	
 " .PSQIBCMF .PEFM GPS UIF 4ZOUIFTJT PG �% 'BDFT <#MBO[ BOE 7F॒FS ����> &R� �

`∂²I₅/∂f²` = 2[A₁,₁I₃ A₁,₂I₃ A₁,₃I₃
A₂,₁I₃ A₂,₂I₃ A₂,₃I₃
A₃,₁I₃ A₃,₂I₃ A₃,₃I₃]

where

A ∈ ℝ^(3×3)

	H
 "OJTPUSPQJD &MBTUJDJUZ GPS
*OWFSTJPO�4BGFUZ BOE &MFNFOU

3FIBCJMJUBUJPO <,JN FU BM� ����> &R� �

`T₁` = 1/√2 U[0 0 0
0 0 -1
0 1 0]Vᵀ

where

U ∈ ℝ^(3×3)
V ∈ ℝ^(3×3)

	I
 "OBMZUJD &JHFOTZTUFNT GPS
*TPUSPQJD %JTUPSUJPO &OFSHJFT
<4NJUI FU BM� ����> &R� ��

v_i = ∑_j w_i,j M_j u_i

where

w ∈ ℝ^(n×m)
M_j ∈ ℝ^(4×4)
u_i ∈ ℝ^4

	J
 %JSFDU %FMUB .VTI
4LJOOJOH BOE 7BSJBOUT

<-F BOE -FXJT ����> &R� �

min_(C ∈ ℝ^3) ∑_i ‖x_i + (R_i - I₃)C‖²

where

x_i ∈ ℝ^3
R_i ∈ ℝ^(3×3)

	K
 )BOE .PEFMJOH BOE 4JNVMBUJPO 6TJOH
4UBCJMJ[FE .BHOFUJD 3FTPOBODF *NBHJOH

<8BOH FU BM� ����> &R� �

given
α_T : ℝ
n_T : ℝ³

`n(v)` = ( ∑_(T for T ∈ `N₁`_v) α_T n_T )/‖ ∑_(T for T ∈ `N₁`_v) α_T n_T ‖

where
v ∈ ℤ
`N₁`_i ∈ {ℤ}

	L
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

`H(p)` = 1/(2π)∫_[0, 2π] `kₙ`(φ, p) ∂φ

where

p ∈ ℝ^3 : point on the surface
`kₙ`: ℝ,ℝ^3 → ℝ : normal curvature

	M
 (FPNFUSZ 1SPDFTTJOH $PVSTF� $VSWBUVSF
<+BDPCTPO ����>

Ω = [`e₁` `e₂`][`k₁` 0
0 `k₂`] [`e₁`ᵀ

`e₂`ᵀ]

where
`k₁` ∈ ℝ
`k₂` ∈ ℝ
`e₁` ∈ ℝ²
`e₂` ∈ ℝ²

	N
 )BOEIFME .VMUJ�'SBNF 4VQFS�3FTPMVUJPO
<8SPOTLJ FU BM� ����> &R� �

`L(x,ν)` = xᵀWx + ∑_i ν_i(x_i²-1)

where

x ∈ ℝ^n
W ∈ ℝ^(n×n)
ν ∈ ℝ^n

	O
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

[`P `  0
  0   `P `][      L          0
            `P ` C`P ` U   -L][U   L `P ` B
                                0           ][`P `  0
                                                0   I_n]

where

`P `  ^(m m) 
`P `  ^(m m) 
`P `  ^(n n) 
  B  ^(m n) 
  C  ^(n m) 
  L  ^(m m) 
  L  ^(n n) 
  U  ^(m m) 
    ^(n n)

	P
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

from trigonometry: tan, cos

t = t/cos( )
ã = a tan( )
_i cos ( )((p_i - q_i) n_i +((p_i+q_i) n_i) ã+n_i t)  

where
a   : axis of rotation
    : angle of rotation

p_i  
q_i  
n_i  
t  

	Q
 " 4ZNNFUSJD 0CKFDUJWF 'VODUJPO GPS *$1
<3VTJOLJFXJD[ ����> &R� �

`G_σ(s^k_i)` = ∑_j l_j exp(-dist(`bᵢ`, b_j)²/(2σ²)) `s^k`_j

where
l_j ∈ ℝ : the length of bj
dist: ℝ², ℝ² → ℝ : measures the geodesic distance
`bᵢ` ∈ ℝ²
b_j ∈ ℝ²
σ ∈ ℝ
`s^k`_j ∈ ℝ² : direction vector

	R
 "UMBT 3FOFNFOU XJUI #PVOEFE 1BDLJOH &ਖ਼DJFODZ
<-JV FU BM� ����B> &R� �

∑_i α_i + 1/M ∑_i ∑_j (f(X_i,j)/`p_c`(X_i,j) - (∑_k α_k p_k(X_i,j))/`p_c`(X_i,j))

where

α ∈ ℝ^N
p_j ∈ ℝ → ℝ
X_i ∈ ℝ^(n_i)
M ∈ ℝ
f: ℝ → ℝ
`p_c`: ℝ → ℝ

	S
 0QUJNBM .VMUJQMF *NQPSUBODF 4BNQMJOH
<,POEBQBOFOJ FU BM� ����> &R� ��

`xᵢ` = T_*,1
`xⱼ` = T_*,2
`xₖ` = T_*,3
`n(T)` = (`xⱼ`-`xᵢ`)×(`xₖ`-`xᵢ`)/‖(`xⱼ`-`xᵢ`)×(`xₖ`-`xᵢ`)‖

where

T ∈ ℝ^(3×3)

	T
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

`C(x,y)` = ( _n _i c_n,i  w_n,i  R_n) / ( _n _i w_n,i  R_n)

where

c  ^(f s) : the value of the Bayer pixel
w  ^(f s) : the local sample weight
R  ^f     : the local robustness

	U
 )BOEIFME .VMUJ�'SBNF 4VQFS�3FTPMVUJPO
<8SPOTLJ FU BM� ����> &R� �

from linearalgebra: tr

`J₃` = 1₃,₃
`κ_angle(Dₘ)` = 3(√2 v)^(2/3)(7/4‖`Dₘ`‖_F^2-1/4tr(`J₃``Dₘ`ᵀ`Dₘ`))⁻¹

where

`Dₘ` ∈ ℝ^(3×3)
v ∈ ℝ

	V
 "OJTPUSPQJD &MBTUJDJUZ GPS *OWFSTJPO�4BGFUZ BOE &MFNFOU
3FIBCJMJUBUJPO <,JN FU BM� ����> &R� ��

`E_LSCM` = ∑_T A_T‖M_T v_T - [0 -1
1 0] M_T u_T‖²

where

v_T ∈ ℝ^3
u_T ∈ ℝ^3
M_T ∈ ℝ^(2×3)
A_T ∈ ℝ

	W
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

r = v
s = 
n = v

`k ` = r (`C `-V)
`k ` = s (`C `-V)
`k ` = n (`C `-V)

`x( ,v)` =  (r `D_A`( , v)+`k ` ( , v))/(n `D_A`( , v)+`k ` ( , v))
`y( ,v)` =  (s `D_A`( , v)+`k ` ( , v))/(n `D_A`( , v)+`k ` ( , v))

where

v  ^3
  ^3
  ^3
V  ^3
`C `  ^3
   

v   
`D_A`: ,   ^3
: ,    

	X
 1MFOPQUJD .PEFMJOH� "O *NBHF�#BTFE 3FOEFSJOH 4ZTUFN <.D.JMMBO BOE #JTIPQ ����> &R� ��

given
A_i ∈ ℝ^(m_i × n)
b_i ∈ ℝ^m_i
`x₀` ∈ ℝ^n

min_(x ∈ ℝ^n) ∑_i ‖A_i x + b_i‖ + (1/2)‖x-`x₀`‖²

	Y
 $POWFY 0QUJNJ[BUJPO <#PZE FU BM� ����> QBHF ���

`I(X;Y)` = ∑_i ∑_j x_j p_i,j log₂(p_i,j/∑_k x_k p_i,k)

where

x ∈ ℝ^n
p ∈ ℝ^(m×n)

	Z
 $POWFY 0QUJNJ[BUJPO <#PZE FU BM� ����> QBHF ���

min_(u  ) u ( _i [x_i n_i
                       n_i  ][(x_i n_i)  n_i ])u - 2u ( _i [x_i n_i
                                                               n_i  ]n_i (p_i-x_i)) + _i(p_i-x_i) n_i n_i (p_i-x_i)

where

x_i  
n_i   
p_i  

	[
 (FPNFUSZ 1SPDFTTJOH $PVSTF� 3FHJTUSBUJPO <+BDPCTPO ����>

'JH� �� 'PSNVMBT GSPN WBSJPVT QBQFST CPPLT BOE DPVSTFT JO DPNQVUFS HSBQIJDT BOE UIFJS USBOTMBUJPO JOUP * -"�

	F�H� TIPVME UIF SFTU PG UIF GPSNVMB DPOUJOVF UP UIF SJHIU PG UIF UPQ
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* -"� $PNQJMBCMF .BSLEPXO GPS -JOFBS "MHFCSB ٔ �����

L_i,j = { w_i,j if (i,j)  E
          0 otherwise
L_i,i = - _(  for   i) L_i,

where
L  ^(n n)
w  ^(n n): edge weight matrix
E  { } index: edges

	B
 (FPNFUSZ 1SPDFTTJOH $PVSTF� 1BSBNFUFSJ[BUJPO
<+BDPCTPO ����>

from trigonometry: sin, cos
`x(θ, ϕ)` = [Rcos(θ)cos(ϕ)

Rsin(θ)cos(ϕ)
Rsin(ϕ)]

where

ϕ ∈ ℝ : angle between 0 and 2π
θ ∈ ℝ : angle between -π/2 and π/2
R ∈ ℝ : the radius of the sphere

	C
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

given
f ∈ ℝ^(n)
p ∈ ℝ^(n)

∑_i f_i²p_i - (∑_i f_i p_i)²

	D
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

given
a_i  ^n : the measurement vectors  
x  ^n   : original vector 
w_i     : measurement noise 

y_i = a_i  x + w_i
x = ( _i a_i a_i )  _i y_i a_i

	E
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

given
A ∈ ℝ^(k×k)
B ∈ ℝ^(k×m)
C ∈ ℝ^(m×m)

S = C - BᵀA⁻¹B
[A⁻¹+A⁻¹BS⁻¹BᵀA⁻¹ -A⁻¹BS⁻¹

-S⁻¹BᵀA⁻¹ S⁻¹]

	F
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

E = 1/` _N` `E_I` + _j _j /` _S`_j  + _j _j /` _T`_j   + _j ( _j- _j) /` _ `_j

where

` _N`   
`E_I`  
_i  
_i  

` _S`_i   
` _T`_i   
_j   
_j   

` _ `_j   

	
 " .PSQIBCMF .PEFM GPS UIF 4ZOUIFTJT PG �% 'BDFT <#MBO[ BOE 7F॒FS ����> &R� �

`∂²I₅/∂f²` = 2[A₁,₁I₃ A₁,₂I₃ A₁,₃I₃
A₂,₁I₃ A₂,₂I₃ A₂,₃I₃
A₃,₁I₃ A₃,₂I₃ A₃,₃I₃]

where

A ∈ ℝ^(3×3)

	H
 "OJTPUSPQJD &MBTUJDJUZ GPS
*OWFSTJPO�4BGFUZ BOE &MFNFOU

3FIBCJMJUBUJPO <,JN FU BM� ����> &R� �

`T₁` = 1/√2 U[0 0 0
0 0 -1
0 1 0]Vᵀ

where

U ∈ ℝ^(3×3)
V ∈ ℝ^(3×3)

	I
 "OBMZUJD &JHFOTZTUFNT GPS
*TPUSPQJD %JTUPSUJPO &OFSHJFT
<4NJUI FU BM� ����> &R� ��

v_i = ∑_j w_i,j M_j u_i

where

w ∈ ℝ^(n×m)
M_j ∈ ℝ^(4×4)
u_i ∈ ℝ^4

	J
 %JSFDU %FMUB .VTI
4LJOOJOH BOE 7BSJBOUT

<-F BOE -FXJT ����> &R� �

min_(C ∈ ℝ^3) ∑_i ‖x_i + (R_i - I₃)C‖²

where

x_i ∈ ℝ^3
R_i ∈ ℝ^(3×3)

	K
 )BOE .PEFMJOH BOE 4JNVMBUJPO 6TJOH
4UBCJMJ[FE .BHOFUJD 3FTPOBODF *NBHJOH

<8BOH FU BM� ����> &R� �

given
α_T : ℝ
n_T : ℝ³

`n(v)` = ( ∑_(T for T ∈ `N₁`_v) α_T n_T )/‖ ∑_(T for T ∈ `N₁`_v) α_T n_T ‖

where
v ∈ ℤ
`N₁`_i ∈ {ℤ}

	L
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

`H(p)` = 1/(2π)∫_[0, 2π] `kₙ`(φ, p) ∂φ

where

p ∈ ℝ^3 : point on the surface
`kₙ`: ℝ,ℝ^3 → ℝ : normal curvature

	M
 (FPNFUSZ 1SPDFTTJOH $PVSTF� $VSWBUVSF
<+BDPCTPO ����>

Ω = [`e₁` `e₂`][`k₁` 0
0 `k₂`] [`e₁`ᵀ

`e₂`ᵀ]

where
`k₁` ∈ ℝ
`k₂` ∈ ℝ
`e₁` ∈ ℝ²
`e₂` ∈ ℝ²

	N
 )BOEIFME .VMUJ�'SBNF 4VQFS�3FTPMVUJPO
<8SPOTLJ FU BM� ����> &R� �

`L(x,ν)` = xᵀWx + ∑_i ν_i(x_i²-1)

where

x ∈ ℝ^n
W ∈ ℝ^(n×n)
ν ∈ ℝ^n

	O
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

[`P `  0
  0   `P `][      L          0
            `P ` C`P ` U   -L][U   L `P ` B
                                0           ][`P `  0
                                                0   I_n]

where

`P `  ^(m m) 
`P `  ^(m m) 
`P `  ^(n n) 
  B  ^(m n) 
  C  ^(n m) 
  L  ^(m m) 
  L  ^(n n) 
  U  ^(m m) 
    ^(n n)

	P
 $POWFY 0QUJNJ[BUJPO
<#PZE FU BM� ����> QBHF ���

from trigonometry: tan, cos

t = t/cos( )
ã = a tan( )
_i cos ( )((p_i - q_i) n_i +((p_i+q_i) n_i) ã+n_i t)  

where
a   : axis of rotation
    : angle of rotation

p_i  
q_i  
n_i  
t  

	Q
 " 4ZNNFUSJD 0CKFDUJWF 'VODUJPO GPS *$1
<3VTJOLJFXJD[ ����> &R� �

`G_σ(s^k_i)` = ∑_j l_j exp(-dist(`bᵢ`, b_j)²/(2σ²)) `s^k`_j

where
l_j ∈ ℝ : the length of bj
dist: ℝ², ℝ² → ℝ : measures the geodesic distance
`bᵢ` ∈ ℝ²
b_j ∈ ℝ²
σ ∈ ℝ
`s^k`_j ∈ ℝ² : direction vector

	R
 "UMBT 3FOFNFOU XJUI #PVOEFE 1BDLJOH &ਖ਼DJFODZ
<-JV FU BM� ����B> &R� �

∑_i α_i + 1/M ∑_i ∑_j (f(X_i,j)/`p_c`(X_i,j) - (∑_k α_k p_k(X_i,j))/`p_c`(X_i,j))

where

α ∈ ℝ^N
p_j ∈ ℝ → ℝ
X_i ∈ ℝ^(n_i)
M ∈ ℝ
f: ℝ → ℝ
`p_c`: ℝ → ℝ

	S
 0QUJNBM .VMUJQMF *NQPSUBODF 4BNQMJOH
<,POEBQBOFOJ FU BM� ����> &R� ��

`xᵢ` = T_*,1
`xⱼ` = T_*,2
`xₖ` = T_*,3
`n(T)` = (`xⱼ`-`xᵢ`)×(`xₖ`-`xᵢ`)/‖(`xⱼ`-`xᵢ`)×(`xₖ`-`xᵢ`)‖

where

T ∈ ℝ^(3×3)

	T
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

`C(x,y)` = ( _n _i c_n,i  w_n,i  R_n) / ( _n _i w_n,i  R_n)

where

c  ^(f s) : the value of the Bayer pixel
w  ^(f s) : the local sample weight
R  ^f     : the local robustness

	U
 )BOEIFME .VMUJ�'SBNF 4VQFS�3FTPMVUJPO
<8SPOTLJ FU BM� ����> &R� �

from linearalgebra: tr

`J₃` = 1₃,₃
`κ_angle(Dₘ)` = 3(√2 v)^(2/3)(7/4‖`Dₘ`‖_F^2-1/4tr(`J₃``Dₘ`ᵀ`Dₘ`))⁻¹

where

`Dₘ` ∈ ℝ^(3×3)
v ∈ ℝ

	V
 "OJTPUSPQJD &MBTUJDJUZ GPS *OWFSTJPO�4BGFUZ BOE &MFNFOU
3FIBCJMJUBUJPO <,JN FU BM� ����> &R� ��

`E_LSCM` = ∑_T A_T‖M_T v_T - [0 -1
1 0] M_T u_T‖²

where

v_T ∈ ℝ^3
u_T ∈ ℝ^3
M_T ∈ ℝ^(2×3)
A_T ∈ ℝ

	W
 1PMZHPO .FTI 1SPDFTTJOH
<#PUTDI FU BM� ����> QBHF ��

r = v
s = 
n = v

`k ` = r (`C `-V)
`k ` = s (`C `-V)
`k ` = n (`C `-V)

`x( ,v)` =  (r `D_A`( , v)+`k ` ( , v))/(n `D_A`( , v)+`k ` ( , v))
`y( ,v)` =  (s `D_A`( , v)+`k ` ( , v))/(n `D_A`( , v)+`k ` ( , v))

where

v  ^3
  ^3
  ^3
V  ^3
`C `  ^3
   

v   
`D_A`: ,   ^3
: ,    

	X
 1MFOPQUJD .PEFMJOH� "O *NBHF�#BTFE 3FOEFSJOH 4ZTUFN <.D.JMMBO BOE #JTIPQ ����> &R� ��

given
A_i ∈ ℝ^(m_i × n)
b_i ∈ ℝ^m_i
`x₀` ∈ ℝ^n

min_(x ∈ ℝ^n) ∑_i ‖A_i x + b_i‖ + (1/2)‖x-`x₀`‖²

	Y
 $POWFY 0QUJNJ[BUJPO <#PZE FU BM� ����> QBHF ���

`I(X;Y)` = ∑_i ∑_j x_j p_i,j log₂(p_i,j/∑_k x_k p_i,k)

where

x ∈ ℝ^n
p ∈ ℝ^(m×n)

	Z
 $POWFY 0QUJNJ[BUJPO <#PZE FU BM� ����> QBHF ���

min_(u  ) u ( _i [x_i n_i
                       n_i  ][(x_i n_i)  n_i ])u - 2u ( _i [x_i n_i
                                                               n_i  ]n_i (p_i-x_i)) + _i(p_i-x_i) n_i n_i (p_i-x_i)

where

x_i  
n_i   
p_i  

	[
 (FPNFUSZ 1SPDFTTJOH $PVSTF� 3FHJTUSBUJPO <+BDPCTPO ����>

'JH� �� 'PSNVMBT GSPN WBSJPVT QBQFST CPPLT BOE DPVSTFT JO DPNQVUFS HSBQIJDT BOE UIFJS USBOTMBUJPO JOUP * -"�

	F�H� TIPVME UIF SFTU PG UIF GPSNVMB DPOUJOVF UP UIF SJHIU PG UIF UPQ
PS CP॒PN SPX PG B 2×2NBUSJY 
 BOE JU JNQPTFT B CVSEFO PO UIF BV�
UIPS UP NBJOUBJO B TFOTJCMF �% MBZPVU TJODF UFYU NVTU CF FEJUFE PO
NVMUJQMF SPXT DPOTJTUFOUMZ� 'PS B TJNJMBS SFBTPO XF EJE OPU FYQMPSF
�% BSSBOHFNFOUT PG GSBDUJPOT FJUIFS�

य़FTF FYBNQMFT EFNPOTUSBUF DFSUBJO MJNJUBUJPOT PG * -" BT B SF�
QMBDFNFOU GPS UIFTF FRVBUJPOT JO UIFJS PSJHJOBM DPOUFYU� 'JSTU TPNF
FRVBUJPOT EFOF GVODUJPOT UIFNTFMWFT BT JO ! (") = ""#" + $"" �
* -" DPEF JUTFMG EFOFT B GVODUJPO TP UIF ۠! (") =ۡ JT SFEVOEBOU� 5P
QSFTFSWF UIF FRVBUJPO BT XSJ॒FO XF EFOF B WBSJBCMF OBNFE ۠! (")ۡ
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Integrating with Existing Code

Source Language LoC (original)
(original)

LoC (I❤LA)
Jacobson et al. [2013] C++ 31 8
Sieger and Botsch [2020] C++ 26 9
Alexa [2020] C++ 21 8
Preiner et al. [2019] Python 15 9
Panozzo et al. [2014] C++ 14 5
Alexa et al. [2020] C++ 12 6
Jakob et al. [2015] C++ 7 4
De Goes and James [2017] C++ 6 1
Jeruzalski et al. [2018] C++ 5 2
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User study observations and conclusions

• The average time for each task

• Users can accomplish a range of tasks in I❤LA within 15 minutes

• Users perceive that I❤LA looks similar to conventional math
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Systematically Di�erentiating Parametric Discontinuities

SAI PRAVEEN BANGARU∗, MIT CSAIL
JESSE MICHEL∗, MIT CSAIL
KEVIN MU, MIT CSAIL
GILBERT BERNSTEIN, UC Berkeley and MIT CSAIL
TZU-MAO LI, MIT CSAIL
JONATHAN RAGAN-KELLEY, MIT CSAIL

Programmer (Human) Automated Applications

Integral with 
Parametric 

Discontinuities
foreach x:
 if x < t:
  out += 1

Code

1. Discretize

1. Di!erentiate

Our Language (Teg)

integrate(
  x=0 to 1,
   (x < t) ? 1 : 0
)

2. Discretize

2. Di!erentiate X
Consistent
Derivative

Incorrect
Derivative

Stylization Shader 
optimization

Trajectory
optimization

Stress-strain
optimization

foreach x:
 if x < t:
  d_out += 0

Code

Code

Our Method

Traditional

if 0 < t < 1:
  d_out += 1

foreach x:
 if x < t:
  d_out += 0

Fig. 1. We propose a language for the automatic di�erentiation of integrals with discontinuities. Existing auto-di� frameworks require integrals to be
discretized into summations prior to di�erentiation, and therefore lose the derivative contribution from discontinuities. Our method produces a statistically
consistent derivative program by introducing integration as a language primitive, which allows us to di�erentiate discontinuities in continuous space, before
discretizing them into summations over discrete samples.

Emerging research in computer graphics, inverse problems, and machine
learning requires us to di�erentiate and optimize parametric discontinuities.
These discontinuities appear in object boundaries, occlusion, contact, and
sudden change over time. In many domains, such as rendering and physics
simulation, we di�erentiate the parameters of models that are expressed as
integrals over discontinuous functions. Ignoring the discontinuities during
di�erentiation often has a signi�cant impact on the optimization process.
Previous approaches either apply specialized hand-derived solutions, smooth
out the discontinuities, or rely on incorrect automatic di�erentiation.

We propose a systematic approach to di�erentiating integrals with dis-
continuous integrands, by developing a new di�erentiable programming
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language. We introduce integration as a language primitive and account for
the Dirac delta contribution from di�erentiating parametric discontinuities
in the integrand. We formally de�ne the language semantics and prove the
correctness and closure under the di�erentiation, allowing the generation
of gradients and higher-order derivatives. We also build a system, T��, im-
plementing these semantics. Our approach is widely applicable to a variety
of tasks, including image stylization, �tting shader parameters, trajectory
optimization, and optimizing physical designs.

CCS Concepts: • Theory of computation ! Denotational semantics; •
Mathematics of computing ! Di�erential calculus; Stochastic control
and optimization; Probabilistic inference problems; • Computing method-
ologies! Computer graphics; Visibility; Animation; Computer vision;
Modeling and simulation.

Additional Key Words and Phrases: Automatic di�erentiation, di�erentiable
programming, di�erentiable graphics, di�erentiable rendering, di�erentiable
physics, domain-speci�c language.
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ABSTRACT 
Despite the central importance of research papers to scienti�c 
progress, they can be di�cult to read. Comprehension is often 
stymied when the information needed to understand a passage 
resides somewhere else—in another section, or in another paper. In 
this work, we envision how interfaces can bring de�nitions of tech-
nical terms and symbols to readers when and where they need them 
most. We introduce ScholarPhi, an augmented reading interface 
with four novel features: (1) tooltips that surface position-sensitive 
de�nitions from elsewhere in a paper, (2) a �lter over the paper 
that “declutters” it to reveal how the term or symbol is used across 
the paper, (3) automatic equation diagrams that expose multiple 
de�nitions in parallel, and (4) an automatically generated glossary 
of important terms and symbols. A usability study showed that 
the tool helps researchers of all experience levels read papers. Fur-
thermore, researchers were eager to have ScholarPhi’s de�nitions 
available to support their everyday reading. 

CCS CONCEPTS 
• Human-centered computing ! Interactive systems and tools. 

KEYWORDS 
interactive documents, reading interfaces,scienti�c papers, de�ni-
tions, nonce words 
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1 INTRODUCTION 
Researchers are charged with keeping on top of immense, rapidly-
changing literatures. Naturally, then, reading constitutes a major 
part of a researcher’s everyday work. Senior researchers, such as 
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definition

nonce word 
(the symbol "k")

hyperlink to definition 
in�context

usage 
count

buttons to open definition, 
formula, and usage lists

Figure 1: ScholarPhi helps readers understand nonce words— 
unique technical terms and symbols—de�ned within scien-
ti�c papers. When a reader comes across a nonce word that they 
do not understand, ScholarPhi lets them click the word to view a 
position-sensitive de�nition in a compact tooltip. The tooltip lets 
the reader jump to the de�nition in context. It also lets them open 
lists of prose de�nitions, de�ning formulae, and usages of the word. 
ScholarPhi augments the reading experience with this and a host 
of other features (see Section 4) to assist readers. 

faculty members, spend over one hundred hours a year reading the 
literature, consuming over one hundred papers annually [97]. And 
despite the formidable background knowledge that a researcher 
gains over the course of their career, they will still often �nd that 
papers are prohibitively di�cult to read. 

As they read, a researcher is constantly trying to �t the infor-
mation they �nd into schemas of their prior knowledge, but the 
success of this assimilation is by no means guaranteed [7]. A re-
searcher may struggle to understand a paper due to gaps in their 
own knowledge, or due to the intrinsic di�culty of reading a spe-
ci�c paper [7]. Reading is made all the more challenging by the 
fact that scholars increasingly read selectively, looking for speci�c 
information by skimming and scanning [34, 70, 98]. 

We are motivated by the question: Can a novel interface improve 
the reading experience by reducing distractions that interrupt the 
reading �ow? This work takes a measured step to address the gen-
eral design question by focusing on the speci�c case of helping 
readers understand cryptic technical terms and symbols de�ned 

ScholarPhi [Head et al. 2021]
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